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ABSTRACT
We propose the modified form of the conventional holographic conserved charges which pro-
vides us the frame-independent expressions for charges. This form is also shown to be indepen-
dent of the holographic renormalization scheme. We show the frame and scheme independence
through the matching of our holographic expression to the covariant bulk expression of conserved
charges. As an explicit example, we consider five-dimensional AdS Kerr black holes and show
that our form of holographic conserved charges gives us the identical expressions in the rotating
and non-rotating frames.
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1 Introduction
Holographic principle in modern physics has been introduced as the fundamental property of
quantum gravity, which was speculated on the basis of the area nature of the black hole entropy.
After its concrete realization in the form of the AdS/CFT correspondence, it becomes one
of main research arena and has been studied in various contexts. Especially, the AdS/CFT
correspondence has been used as a modern toolkit of strong coupling phenomena for the dual
field theory. In this context holography has many interesting applications and implications even
at the level of a classical theory of gravity, since the classical computation in gravity has the
dual interpretation for quantum phenomena in the field theory side. Conversely, it also provides
new approaches to the classical theory of gravity through the perspective from the dual field
theory. One such application is the introduction of holographic approach to conserved charges
in the classical theory of gravity which have been explored in the huge number of literatures.
Holographic conserved charges in the asymptotic AdS space [1] are introduced along with the
construction of boundary stress tensor in gravity by using the Brown-York formalism [2], which is
now regarded as one of the AdS/CFT dictionary. Despite their successful applications to various
cases, holographic charges need to be compared and/or matched to traditional bulk charges
since their equivalence is not warranted a priori. In Einstein gravity with negative cosmological
constant, the equivalence between the holographic and traditional bulk conserved charges of
black holes are shown in Ref.s [3, 4, 5]. Interestingly, it was observed that holographic conserved
charges of black holes might be different from those by the covariant phase space method when
the conformal anomaly of the dual field theory does not vanish. In particular, it has been noticed
that the results from the conventional expression of holographic charges depends on the frames
at the asymptotic AdS space in odd dimensions, while the charges in covariant phase space
method remain invariant. When the metric for the asymptotic AdS space in odd dimensions
is taken in the standard non-rotating form, the Casimir energy is given just by constant. On
the other hand, the Casimir energy becomes dependent on the rotational parameters when the
metric is taken in the rotating frame [6, 4, 7]. Furthermore, the conventional expression for
holographic charges depends on the counter term subtraction scheme [8, 9].
Since it was shown that conserved charges by the covariant phase space method should
be completely consistent with the first law of black hole thermodynamics [10], the difference
between holographic and covariant phase space charges means that conserved charges by the
holographic method require the modification of the first law of black hole thermodynamics,
albeit the minimal modification of the first law is shown to be sufficient for harmless physical
interpretation of holographic results [4]. Still it would be nice if there is a construction of
holographic charges in such a way that they are identical with the bulk ones and thus satisfy
the standard form of the first law of black hole thermodynamics.
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In this paper we would like to revisit the construction of the conventional holographic con-
served charges and show how it can be modified to give identical results with the bulk construc-
tions. Our approach is based on the recent works [11, 12, 13, 14, 15] which can be regarded as
the generalization of the traditional Abbott-Deser-Tekin(ADT) formalism [16, 17, 18, 19] to the
holographic setup. It turns out that our construction is rather general and completely consistent
with the bulk covariant expression of conserved charges under a very mild assumption. As a
result, whenever the boundary stress tensor is well-defined and there is a continuous parameter
in the black hole solution, our expression of holographic charges gives finite, frame and scheme
independent results and is completely consistent with the standard form of the first law of black
hole thermodynamics.
2 Modified holographic conserved charges
Let us start from the brief summary of holographic renormalization in this section. See [20] for
a review. In terms of the boundary values (γ, ψ) of the bulk metric and matter fields Ψ ≡ (g, ψ),
the on-shell renormalized action is given by (See the Ref. [15] for our convention)
Ionr [γ, ψ] = I[g, ψ]on−shell + IGH [γ] + Ict[γ, ψ] ,
where the Gibbons-Hawking and counter terms IGB, Ict are defined on a hypersurface. The on-
shell condition renders the renormalized action Ionr to be the functional of the boundary value
(γ, ψ) at the boundary B. The generic variation of the on-shell renormalized action is taken in
the form of
δIonr [γ, ψ] =
1
16piG
∫
B
ddx
√−γ
[
T ijB δγ ij +Πψδψ
]
. (1)
In order to introduce the boundary ADT current in the renormalized boundary action, let us
recall that the boundary diffeomorphism results in the identity of the form:
∇i(2TijBζBj ) = T ijB £ζBγij +Πψ £ζBψ , (2)
where £ζB denotes the Lie derivative on the boundary and T
ij
B does the modified boundary
stress tensor defined by
T
ij
B ≡ T ijB +
1
2
ZijB , T ijB ≡
1√−γ
δIonr
δγij
.
The above boundary identity can be regarded as the analog of the bulk Noether identity, of which
elementary derivation is given in [15]. Note that Z-tensor does not need to be a symmetric one
and is given in terms of Πψ’s.
Let us introduce the boundary conserved current as
J iB(ξB) ≡− δTijBξBj −
1
2
γklδγklT
ij
Bξ
B
j −TijBδγjkξkB +
1
2
ξiB
(
T klB δγkl +Πψδψ
)
, (3)
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where δ denotes a linearization with respect to the boundary fields, including the variations of
Killing vectors. This current can be written in the form of
√−γJ iB(ξB) =− δ
(√−γTijBξBj
)
+
√−γTiB jδξjB +
1
2
√−γξiB
(
T klB δγkl +Πψδψ
)
. (4)
One may note that the first term corresponds to the linearized form of the conserved currents in
conventional holographic charges. For a boundary Killing vector ξB , the conservation of the first
term is the simple result of the identity given in Eq. (2). Interestingly, this identity also leads
to the conservation of the sum of the second and third terms as shown in the Appendix. After
taking the linearization of the boundary fields along the black hole parameters and integrating
the linearized form along the one-parameter path ds, the holographic charges are introduced by
QB(ξB) ≡ 1
8piG
∫
ds
∫
dd−1xi
√−γJ iB . (5)
We would like to emphasize that our choice of the conserved boundary currents is motivated
by the bulk off-shell extension of the conventional ADT formalism and its form in Eq. (3)
is already written down in Ref. [15]. Our boundary current in Eq. (4) is a generalization in
the case of boundary Killing vectors varying under a generic variation. It turns out that this
generalization of conserved currents leads to the frame-independent expression of conserved
charges, which is also free from the ambiguity in the counter term subtraction. This advantage
becomes manifest by showing the equivalence of the boundary currents to the bulk ADT potential
expressions for charges, which is given in the following section.
3 Scheme and frame independence
In this section we argue that our boundary construction of currents leads to the scheme indepen-
dent results by showing their equivalence with covariant bulk expression for the ADT potential
of conserved charges. To this purpose, we explain how to construct the off-shell ADT potential
even when a bulk Killing vector is varied under a generic variation.
In the bulk, there is an off-shell identity known as the Noether identity which can be written
in the form of
EΨ£ζΨ ≡ Eµν £ζgµν + Eψ £ζψ = −2∇µ(Eµνζν) , Eµν ≡ Eµν + 1
2
Zµν , (6)
where EΨ denotes the Euler-Lagrange expression for the field Ψ and Zµν tensor is given in terms
of matter Euler-Lagrange expressions, Eψ. For a Killing vector ξ which may be unpreserved
under a generic variation, one can introduce the off-shell ADT current, just like in the non-
varying case [15] as
J µADT (ξ, δΨ) = δEµνξν +
1
2
gαβδgαβ E
µνξν +E
µνδgνρ ξ
ρ +
1
2
ξµEΨδΨ , (7)
3
which can be rewritten as
√−gJ µADT (ξ, δΨ) = δ
(√−gEµνξν
)
−√−gEµν δξν +
1
2
√−g ξµEΨδΨ . (8)
This expression may be regarded a slight generalization of the non-varying Killing vector case [11,
15]. Note that this current takes the same structure as the boundary conserved current in the
previous section. The off-shell conservation of this current J µADT allows us to write this current
in terms of the potential as J µADT = ∇νQµνADT at the off-shell level.
For the bulk Killing vector ξ, one can see that the symplectic current [21, 10, 22] defined for
a generic diffeomorphism parameter ζ by ω(£ζΨ, δΨ) ≡ £ζΘµ(δΨ ; Ψ)− δΘµ(£ζΨ ; Ψ), reduces
to
ω(£ξΨ, δΨ) = −Θµ(£δξΨ ; Ψ) , (9)
wherer Θµ(δΨ) is the surface term for a generic variation of the bulk Lagrangian L given by
δ(
√−gL) = √−gEΨδΨ + ∂µΘµ(δΨ). Through relations among the ADT current, symplectic
current and the off-shell Noether current for a diffeomorphism variation J µζ ≡ 2
√−gEµνζν +
ζµ
√−gL − Θµ, the final off-shell expression of the ADT potential, up to the irrelevant total
derivative term, turns out to be
2
√−gQµνADT (ξ, δΨ ; Ψ) = δKµν(ξ ; Ψ)−Kµν(δξ ; Ψ)− 2ξ[µΘν](δΨ ; Ψ) . (10)
This final expression can be regarded as a slight generalization of covariant phase space re-
sults [10, 22], which has already been obtained in Einstein gravity in [23].
The matching between the boundary current J iB and the bulk ADT potential QµνADT goes
in the same way just as in the case of δξµ = 0 and δξiB = 0, as follows. Let us take the
Fefferman-Graham coordinates for the asymptotic AdS space as ds2 = dη2+ γijdx
idxj. Adding
the Gibbons-Hawking and counter terms in holographic renormalization gives us the additional
surface terms modifying the bulk surface term Θµ as
Θ˜η(δΨ) = Θη(δΨ) + δ(2
√−γLGH) + δ(
√−γLct) =
√−γ
(
T ijB δγij +Πψδψ
)
, (11)
where the second line equality comes from Eq. (1). Holographic renormalization condition and
Θ˜-expression tells us that Θ˜η ∼ O(1) in the radial expansion. Correspondingly, the modified
on-shell Noether current J˜η for a diffeomorphism parameter ζ becomes
J˜η = ∂iK˜
ηi(ζ) = ζη
√−γLonr − Θ˜η(£ζΨ) , (12)
where we have used the on-shell condition on the bulk background fields. Just as in the case
of δξµ = 0 [15, 4], the asymptotic behavior of general diffeomorphism parameter ζ is given
by ζη ∼ O(e−dη) and ζ i ∼ O(1), in order to preserve the asymptotic gauge choice and the
renormalized action. This asymptotic behavior in the diffeomorphism parameter ζ allows us to
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discard the first term in the right hand side of Eq. (12) when we approach the boundary. In
the following we keep only the relevant boundary values of parameters such that a bulk Killing
vector ξi is replaced by its boundary value ξiB. For the diffeomorphism variation £ζΨ, the
modified surface term Θ˜η becomes
Θ˜η(£ζΨ) =
√−γ
(
2T ijB∇iζj +Πψ£ζψ
)
= ∂i
(
2
√−γTijB ζj
)
,
where we have used the identity given in Eq. (2). By using this result, one can see that
the Noether potential K˜ηi, up to the irrelevant total derivative term, is given by K˜ηi =
−2√−γTijB ζj.
As a result, the on-shell relation between the ADT and Noether potentials for a Killing vector
ξB is given by
√−gQηiADT |η→∞ =
√−γJ iB . (13)
This shows us the scheme independence of the holographic charges since their currents are
identified with covariant bulk ADT potentials which are regardless of the counter terms. We
would like to emphasize that the above potential-current relation holds up to the total derivative
terms which are irrelevant in the charge computation. Moreover this equality guarantees the
Smarr relation since the relation was shown to hold in bulk formalisms [23, 13].
Since we have presented formal arguments, it would be illuminating to show the frame and
scheme independence of mass and angular momentum of five-dimensional AdS Kerr black holes
as an explicit example, which is done in the following section.
4 Five-dimensional example
As a specific example, let us focus on the pure Einstein gravity on five dimensions. In the
following we will set the radius of the asymptotic AdS space as unity, L = 1. AdS Kerr black
hole solutions in Boyer-Lindquist coordinates [24] are given by
ds2 = − ∆r
ρ2
(
dt− a∆φdφ− b∆ψdψ
)2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ sin
2 θ
ρ2
(
adt− r
2 + a2
1− a2 dφ
)2
+
∆θ cos
2 θ
ρ2
(
bdt− r
2 + b2
1− b2 dψ
)2
(14)
+
1 + 1/r2
ρ2
(
abdt− b(r2 + a2)∆φdφ− a(r2 + b2)∆ψdψ
)2
,
where ρ2 ≡ r2 + a2 cos2 θ + b2 sin2 θ,
∆r ≡ (r2 + a2)(r2 + b2)
(
1 +
1
r2
)
− 2m,
∆θ ≡ 1− a2 cos2 θ − b2 sin2 θ , ∆φ ≡ sin
2 θ
1− a2 , ∆ψ ≡
cos2 θ
1− b2 .
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In order to use the holographic method, it is useful to take the radial expansion of the metric
in Fefferman-Graham coordinates as
ds2 = dη2 + γijdx
idxj , γij =
∑
n=0
e−2(n−1)ηγ
(n)
ij , (15)
where the non-vanishing components of background metric γ(0) are given by
γ
(0)
tt = −1 , γ(0)tφ = a∆φ , γ
(0)
tψ = b∆ψ , γ
(0)
θθ =
1
∆θ
, γ
(0)
φφ = ∆φ , γ
(0)
ψψ = ∆ψ .
In the computation of conserved charges, it turns out that the expansion up to the second order
is sufficient. The non-vanishing components of the first order γ(1) are given by
γ
(1)
tt = −
1
2
(a2 + b2 +∆θ) , γ
(1)
tφ =
a∆φ
2
(
a2 − b2 −∆θ
)
, γ
(1)
tψ =
b∆ψ
2
(
b2 − a2 −∆θ
)
,
γ
(1)
θθ =
(2− a2 − b2 − 3∆θ)
2∆θ
, γ
(1)
φφ =
∆φ
2
(
a2 − b2 −∆θ
)
, γ
(1)
ψψ =
∆ψ
2
(
b2 − a2 −∆θ
)
,
and those of the second order γ(2) are
γ
(2)
tt = 3m−
1
8
(a2 − b2)2 − 1
4
(2− a2 − b2)∆θ + 3
8
∆2θ ,
γ
(2)
tφ = a∆φ
[
− 3m+ 1
8
(a2 − b2)2 − 1
4
(a2 − b2)∆θ + 1
8
∆2θ
]
,
γ
(2)
tψ = b∆ψ
[
− 3m+ 1
8
(a2 − b2)2 − 1
4
(b2 − a2)∆θ + 1
8
∆2θ
]
,
γ
(2)
θθ =
1
∆ θ
[
m+
(2− a2 − b2)2
8
− 3∆θ
4
(2− a2 − b2) + 9∆
2
θ
8
]
,
γ
(2)
φφ = ∆φ
[
m
(
1 + 4a2∆φ
)
+
(a2 − b2)2
8
− (a
2 − b2)∆θ
4
+
∆2θ
8
]
,
γ
(2)
ψψ = ∆ψ
[
m
(
1 + 4b2∆ψ
)
+
(a2 − b2)2
8
− (b
2 − a2)∆θ
4
+
∆2θ
8
]
,
γ
(2)
φψ = 4abm∆φ∆ψ .
Now, it is straightforward to obtain the expression of
√−γJ iB(ξB) by using Eq. (4). Since
the first term in Eq. (4) was already given in [4], let us focus on the second and third terms.
One may recall that the time-like Killing vector in this metric is given by ξiT∂i = ∂t−a∂φ− b∂ψ.
After some computations[25] with 0 ≤ θ < pi2 , 0 ≤ φ,ψ < 2pi, it turns out that∫
d3xi
√−γ
[
T
i
B jδξ
j
T+
1
2
ξiT
(
T klB δγkl +Πψδψ
)]
= −pi
2(a2 − b2)(2 − a2 − b2)
6(1− a2)(1− b2)
[
aδa
1− a2 −
bδb
1− b2
]
, (16)
which results in the linearized mass expression of AdS Kerr black holes from the boundary
current as
δM = δQB(ξT )
=
pi
2G
[
maδa(5 − a2 − 3b2 − a2b2)
(1− a2)3(1− b2)2 +
mbδb(5 − b2 − 3a2 − a2b2)
(1− a2)2(1− b2)3 +
δm(3 − a2 − b2 − a2b2)
2(1− a2)2(1− b2)2
]
.
6
One can check that the difference between our mass expression of δM and the conventional one
in [4] resides only in absence of the rotational parameter dependence of Casimir energy part.
The finite mass expression is given by
M =
3pi
32G
+
pim(3− a2 − b2 − a2b2)
4G(1 − a2)2(1− b2)2 , (17)
where we have added the constant Casimir energy part as an integration constant. For rotational
Killing vectors ξµR1∂µ = −∂φ and ξµR2∂µ = −∂ψ, one can see that the additional terms, i.e. second
and third ones in Eq. (4), vanish and so the angular momentum expressions are identical with
those given in [4], which is also the case in the computation of Wald’s entropy of black holes.
Now, let us check the frame independence for our expression by considering different coordi-
nates. In asymptotically canonical AdS coordinates, the metric of AdS Kerr black holes can be
taken in the form of [7]
ds2 =− (1 + y2)dt2 + dy
2
1 + y2 − 2m
∆2
θˆ
y2
+ y2dΩˆ23 (18)
+
2m
∆3
θˆ
y2
(dt− a sin2 θˆdφˆ− b cos2 θˆdψˆ)2 + · · · ,
where
∆
θˆ
≡ 1− a2 sin2 θˆ − b2 cos2 θˆ ,
dΩˆ23 ≡ dθˆ2 + sin2 θˆdφˆ+ cos2 θˆdψˆ .
By using Fefferman-Graham coordinates, one can check explicitly that mass and angular mo-
mentums in these non-rotating coordinates are given by the same expressions as in the rotating
ones. (See also [7].)
For comparison, let us turn to the bulk covariant expressions of ADT potentials. In Ein-
stein gravity, the Noether potential Kµν and the bulk surface term Θµ can be taken respec-
tively as Kµν(g ; ζ) = 2∇[µζν] and Θµ(g ; δg) = 2√−ggα[µ∇β]δgαβ . The ADT potential,
QµνADT (ξT ; δa, δb, δm) for AdS Kerr black holes is composed of three terms which correspond
to the variations of parameters a, b and m, respectively as QµνADT (ξT ; δm), Q
µν
ADT (ξT ; δa) and
QµνADT (ξT ; δb).
For the bulk Killing vector ξT taken in the same form as the boundary time-like Killing
vector, the relevant component of the QµνADT (ξT ; δm) term is given by
2
√−gQηtADT (ξT ; δm) =
−δm sin 2θ
(1− a2)2(1− b2)2
[
(a2 + b2 + a2b2 − 3) + 2(a2 − b2) cos 2θ
]
.
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The relevant component of the QµνADT (ξT ; δa) term is given by
2
√−gQηtADT (ξT ; δa) =
−aδa sin 2θ
(1− a2)(1 − b2)
[
(b2 − a2)
8
+
2m(−5 + 3b2 + a2 + a2b2)
(1− a2)2(1− b2)
+
{1
2
(2− a2 − b2 − 4e2η) + 2m(1− 3(b
2 − a2)− a2b2)
(1− a2)2(1− b2)
}
cos 2θ
+
3
8
(b2 − a2) cos 4θ
]
,
where one may note that the potentially divergent term proportional to e2η corresponds to the
irrelevant total derivative one. QµνADT (ξT ; δb) is given just by exchanging (a, δa) by (b, δb) in the
above QµνADT (ξT ; δa) expression. One may note that the varying Killing vector contribution in
Eq. (10) does not vanish and is given by
Kηt(δξT ) =
8ma cos θ sin3 θ
(1− a2)2(1− b2)δa+
8mb cos3 θ sin θ
(1− a2)(1 − b2)2 δb .
Now, it is straightforward to check the matching between the linearized mass expression of AdS
Kerr black holes as
δMADT =
1
16piG
∫
dθdφdψ 2
√−gQηtADT = δM , (19)
It is also straightforward to obtain the ADT potentials for rotational Killing vectors and check
its equivalence with the results from the boundary currents.
5 Conclusion
In this paper, we have proposed how to modify the conventional expression of holographic con-
served charges in order to give the identical results with those from bulk formalisms. Our
construction of holographic charges is based on the conserved boundary current, of which form
is motivated by the off-shell extension of the traditional ADT formalism for bulk charges. This
boundary current is composed of two parts, one of which corresponds to the conventional expres-
sion of holographic charges and the other of which does to the additional terms compensating the
frame and scheme dependence of the first term. We would like to emphasize that our modifica-
tion of holographic charge expression does not mean the change of the conventional AdS/CFT
dictionary for boundary stress tensor. Rather, our modification corresponds to another pre-
scription, in the gravity context, of holographic charge construction from boundary stress tensor
in such a way that it does not depend on the frames for the asymptotic AdS space. In the
bulk side, we have extended our previous covariant construction of quasi-local conserved charges
when Killing vectors are varied under a generic variation. By showing the equivalence of the
modified holographic expression of conserved charges to the bulk covariant expression, we have
argued the consistency of our holographic expression with the standard form of the first law of
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black hole thermodynamics and the Smarr relation. Through the example, it is explicitly shown
that the boundary-bulk equivalence is satisfied up to the irrelevant total derivative term. It is
also shown that the additional terms in the boundary current vanish in the case of the angular
momentum and black hole entropy computation, while these remove the frame-dependence in
the mass computation.
Since our boundary and bulk constructions of conserved charges are based on a single for-
malism which depends only on the Euler-Lagrange expression of the given Lagrangian, our
construction can be presented in the unified manner and seems very natural. Furthermore,
our bulk construction is completely consistent with the well-known formalisms. In all, various
constructions are naturally connected and their relationships are revealed in a unified way. It
would be very interesting to generalize our construction to the case of more general asymptotic
boundary space.
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Appendix: Some formulae
In order to verify the conservation of boundary currents, let us start from the double variation
of fields and actions. When the diffeomorphism parameter ζ is varied under a generic variation,
the variation of any quantity Fµν··· containing ζ is taken as δFµν···(ζ ; Ψ) ≡ Fµν···(ζ + δζ ; Ψ +
δΨ) − Fµν···(ζ ; Ψ). For instance, the Killing conditions for the background field Ψ and the
varied field Ψ + δΨ are given respectively by£ξΨ = 0 and £ξ+δξ(Ψ + δΨ) = 0. When a
diffeomorphism parameter is transformed under a variation such that δζµ 6= 0, one needs to
modify the commutation of two generic variations as
(δδζ − δζδ)Ψ = δδζΨ , (δδζ − δζδ)I[Ψ] = δδζI[Ψ] .
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For a boundary Killing vector ξB, one can see that
(δξBδ − δδξB )Ionr [ΨB ] =
1
16piG
∫
ddx δξB
[√−γ(T ijB δγij +Πψδψ
)]
=
1
16piG
∫
ddx ∂i
[
ξiB
√−γ
(
T klB δγkl +Πψδψ
)]
, (A.1)
where we have used δξBΨB = 0 and thus δξBI
on
r [ΨB] = 0 in the first equality and δξB = £ξB in
the second equality. The variation with respect to δξiB can be written as
δδξBI
on
r [ΨB] =
1
16piG
∫
ddx
√−γ
(
− 2TBij∇iδξjB +Πψ£ξBψ
)
=
1
16piG
∫
ddx ∂i
(
− 2√−γTiB jδξjB
)
, (A.2)
where we have used the identity Eq. (2) in the second equality. By identifying Eq. (A.1) and
Eq. (A.2), one can finally see that
∇i
[
T
i
B jδξ
j
B +
1
2
ξiB
(
T klB δγkl +Πψδψ
)]
= 0 . (A.3)
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